Abstract: The discovery of gravitational waves from binary black hole mergers has renewed interest in primordial black holes forming a part of the dark matter density of our Universe. Various tests have been proposed to test this hypothesis. One of the cleanest tests is the lensing of fast radio bursts. In this situation, the presence of a compact object near the line of sight produces two images of the radio burst. If the images are sufficiently separated in time, this technique can constrain the presence of primordial black holes. One can also try to detect the lensed image of the mini-bursts within the main burst. We show that this technique can produce the leading constraints over a wide range in lens masses 2 M if the primordial black holes follow a single mass distribution. Even if the primordial black holes have an extended mass distribution, the constraints that can be derived from lensing of fast radio bursts will be the most constraining over wide ranges of the parameter space. We also show that this technique can probe exotic compact boson stars and fermion stars and outline the particle physics parameter space which can be probed.
Introduction
The direct detection of gravitational waves has heralded a new era in understanding of our Universe. The discovery of black hole mergers and neutron star mergers and its associated waveforms have confirmed numerous predictions and unveiled answers to some of the major questions in astrophysics [1] [2] [3] [4] . These events have also been used to test various modifications of gravity and Standard Model extensions.
Almost immediately after the discovery of the first binary black hole merger, it was suggested that these astrophysical objects might be primordial in nature and contribute to the dark matter density of our Universe [5] [6] [7] [8] [9] [10] [11] . Primordial black holes (PBHs) are produced in the Universe due to enhanced density perturbations and their existence have been speculated for a long time [12] [13] [14] [15] [16] [17] . Numerous constraints exist on the present density of PBHs in our Universe. These constraints include searching for capture of PBHs by compact objects [18] , lensing searches [19] [20] [21] [22] [23] [24] [25] , dynamical effects on ultra-faint dwarf galaxies [26, 27] , orbital dynamics [28] , non-observations of stochastic gravitational waves [29, 30] , and effects of accretion onto PBHs via cosmic microwave background observations [31] [32] [33] . Besides these searches which are applicable for macroscopic compact objects, traditional techniques in dark matter indirect detection like searching for gamma-rays [34] [35] [36] or neutrinos [37, 38] can also be used to search for PBHs if they are sufficiently light and produce these particles via evaporation [39, 40] . Some of the constraints studied in the literature are controversial [41] [42] [43] , some require a detailed understanding of the merger rate [44] , some of them require a detailed understanding of wave optics and source size effects [45] , and the effect of clustering [46] [47] [48] [49] [50] . There have also been studies regarding future constraints on primordial black holes involving fast radio bursts, pulsar timing, 21 cm signals, galaxy clustering, gravitational waves, gamma-ray bursts, and X-ray pulsars [8, 45, [51] [52] [53] [54] [55] [56] [57] [58] [59] [60] .
Fast radio bursts (FRBs) are intense radio pulses on the sky which have ∼ O(1 -10 ms) duration. These puzzling astrophysical transients were first discovered in 2007 [61] , and till date more than 50
FRBs have been discovered [62, 63] . Temporal structures within the main burst having ∼ O(10 µs) duration have also been observed [64, 65] . The dispersion measure of these radio waves, which quantify the amount of electrons in the line of sight from the source to the Earth, signify that these objects are extragalactic in nature [66] , and there is direct evidence for the extragalactic nature of FRB121102 [67, 68] . The radio bursts from FRB121102 repeat, however, the pulses are not periodic [69, 70] . The detection rate of FRBs depend on the observing frequency and at frequencies between 400 MHz and 800 MHz, it can be as large as 1 per hour [71] [72] [73] . A number of review articles summarizing the properties of FRBs exist in the literature [74] [75] [76] [77] [78] [79] [80] [81] [82] [83] [84] [85] [86] .
Due to their large event rate, small temporal duration, and cosmological origin, it has already been realized that FRBs can be used as cosmological probes to test various fundamental principles [87] [88] [89] [90] . In this article, we concentrate on lensing of fast radio bursts [8, 51, 52] . In this situation, the presence of a sufficiently compact object near the line of the sight between the source and the observer causes multiple images of the source. The resulting images are separated in space and time. Due to the narrow temporal duration of the main burst, it is possible that the arrival time of the various images do not overlap with each other. This phenomenon of time delay between various lensed images have been confirmed in the case of a supernova (acting as a source) and a galaxy (acting as a lens) [91] . Given that the observed FRBs (except FRB121102) do not repeat, this can be a very clean test of the existence of massive compact objects. It is expected that upcoming radio telescopes will detect a large number of FRBs, and it is possible to search for the lensing signal. In particular, CHIME is expected to detect 2 -42 FRBs per day, and during its operational duration (atleast 3 years), it can detect a total of ∼ 2000 -46000 FRBs [92] . It will be shown that such a large number of FRBs will permit an extremely restrictive constraint on the abundance of PBHs. In addition, there are several other telescopes (like HIRAX [93] , APERTIF [94] , UTMOST [95] , Ooty Wide Field Array [96] , and the upgraded Giant Metrewave Radio Telescope [96] ) which will revolutionize the field of FRBs.
We will calculate the future constraints on PBH density assuming an extended power law mass distribution. The parameter space where FRB lensing can probe PBH density can also be searched for by other techniques, and these have already ruled out PBHs as the dominant dark matter component in some of these regions for different kinds of mass distribution [97] [98] [99] [100] [101] [102] . However, it is important to remember that detection of PBHs (even forming an extremely small dark matter density) has tremendous implications for several high energy theories. As such, FRB lensing can also be seen as an important probe for numerous inflationary models [103, 104] . In addition, we will show that FRB lensing can also probe exotic boson stars and fermion stars. These compact objects can arise in many well motivated particle physics models, and we will demonstrate the part of the particle physics parameter space which can be probed by FRB lensing.
We review the theory of FRB lensing and compact objects in Sec. 2. We will detail the necessary formula and study how compact an object needs to be for our lensing formalism to be valid. We will mention our results in detail in Sec. 3. We will present future constraints on PBH density from FRB lensing for single mass distribution and extended mass distributions for two different redshift distributions of FRBs. We will outline the particle physics parameter space which FRB lensing will probe provided exotic compact boson stars and fermion stars are abundant in the Universe and conclude in Sec. 4.
Lensing of Fast Radio Bursts and Exotic Compact Objects
The theory of lensing is a well studied phenomenon in general relativity and there have been extensive observations which validate the underlying physics. Lensing has been used as an observational tool in astrophysics to probe objects which are too faint to detect by conventional means. It has been realized long ago that lensing can probe exotic compact objects in our Universe if these objects are sufficiently numerous. We first review the necessary formalism for lensing of FRBs and then various particle physics models which can give rise to exotic compact objects in the form of boson stars or fermion stars.
Lensing of Fast Radio Bursts
We consider a scenario where a fast radio burst acts as the source and is at an angular diameter distance D S from the observer. We assume that a single compact object, of mass M L , is in between the source and the observer and acts as the lens. The angular diameter distance between the lens and the observer and between the source and the lens is denoted by D L and D LS respectively. If the source and the lens are situated at redshifts z S and z L respectively, then the angular diameter distance between them is [105] 
where χ(z S ) and χ(z L ) denote the co-moving distance to the source and the lens respectively. We assume that the energy density due to the curvature of space is 0 throughout the article. For the other relevant cosmological parameters, we take the best fit values from PDG [106] . For a point lens, the Einstein radius is given by [107] [108] [109] 2) where G N and c denote the Newton's gravitational constant and the speed of light respectively. Due to our assumption that we only consider point lens, the radius of the compact lens, R L , is constrained to be much smaller than the the Einstein radius multiplied by the angular diameter distance of the lens. This can be expressed as
In Sec. 3, we will demonstrate this constraint on the lens size assuming various different inputs. The point lens produces two images of the source and these are temporally separated by
where y is the normalized impact parameter. The lensing cross section due to a point lens is given by
where the maximum and minimum values of the impact parameters are denoted by y max and y min respectively. The maximum value of impact parameter can be found by requiring that the magnification of the two lensed images is greater than some reference valueR f :
1 + 2y y 2 + 4
This permits an analytical expression of y max :
Following Ref. [8] , we takeR f = 5 throughout all our calculations. Assuming that the time delay is greater than a critical time, ∆t, one can numerically estimate the value of y min (M L , z L ) from eqn. 2.4. This critical time needs to be large enough so that it takes into account the intrinsic broadening of the spectrum due to dispersion of radio waves during propagation. Depending on the width of the burst, this can have different values for different bursts. Given that smaller time structures have been observed inside the main burst of some FRBs, we will also show our results for critical values which are smaller than the total temporal duration of the main burst. In the latter case, one can aim to lens the mini-bursts within the main burst and this will permit constraints on lower lens masses. In a realistic case, the duration of the burst will be different for different bursts. As per frbcat.org (date accessed 13 Dec 2018), the burst duration of FRBs vary from 0.35 ms to 21 ms. FRB170827 have also shown narrower temporal components down to ∼ 30 µs. If such narrow time structures exist in other bursts, then there is the possibility that these narrow bursts can also be lensed. In order to cover this wide range of and for simplicity, we consider four different critical times, ∆t = 0.1 ms, 0.3 ms, 1 ms, and 3 ms.
For a single source, the optical depth for lensing due to a single PBH or exotic compact object is
where n L is the co-moving number density of the lens, H(z L ) is the Hubble function at z L , f DM represents the fraction of dark matter which is in the form of the compact objects acting as the lens, and Ω c is the present density of dark matter. In order to find the total lensing optical depth, one needs to convolve the optical depth in Eqn. 2.8 with the redshift distribution of FRBs. Given the low number of FRBs, the redshift distribution is very uncertain and is an active field of research [110] . We will follow the two redshift distributions as studied in Ref. [8] : constant-density redshift distribution and star-formation redshift distribution. As we will see, the constant-density redshift distribution and the star-formation redshift distribution gives a conservative result and an optimistic result respectively.
The constant-density redshift distribution can be described as [111] 9) where N const is a constant such that dz c N const (z) = 1, d L (z) is the luminosity distance to z, and z cut represents the cutoff in the FRB redshift distribution. The star-formation redshift distribution can be described as [112] 10) where the normalization constant, N SFH , is determined from dz c N SFH (z) = 1, anḋ
where a = 0.017, b = 0.13, s = 3.3, d = 5.3, and h = 0.7. The integrated optical depth for a given redshift distribution is
where the integral is over the redshift distribution of the the FRBs. If one observes a large number of FRBs, N FRB , then the number of FRBs that will be lensed is
If none of the FRBs are found to be lensed, then the fraction of dark matter in the form of these dark matter lens can be estimated to be less than 1/N lensed FRBs . We assume that N FRB = 10 4 , a number which can be detected by CHIME [92] . As will be seen later, even having a sample of ∼ 2000 -3000 FRBs (with redshift information) will probe new parts of the parameter space for PBHs and exotic compact boson and fermion stars.
The above formalism is valid if the mass distribution of the lens is concentrated in a single mass value: the single mass distribution. It has been theoretically shown that primordial black holes (acting as the lens) can also have an extended mass distribution [16, [113] [114] [115] [116] [117] [118] . It has been recently realized that constraints on primordial black holes can differ substantially if the underlying mass distribution is extended [97] [98] [99] 101 ]. We will consider the power-law mass distribution of primordial black holes. In this case, the power law mass distribution is parametrized as [101] 
where the mass range of the distribution is bordered by the minimum mass, M min , and maximum mass, M max . The exponent of the power law is denoted by γ. The normalization factor N P L is
where the exponent γ is determined by the formation epoch of the primordial black hole. The power law extended mass function is formed in scenarios of cosmic strings and from large density fluctuations. Due to an extended mass function, the optical depth for lensing (eqn. 2.8) changes and can be written as
For a power law extended mass distribution, this can rewritten as
This calculated value of the optical depth can be used to calculate the integrated optical depth using Eqn. 2.12, and the number of lensed FRBs (using Eqn. 2.13).
Exotic compact objects
The existence of exotic compact objects has been conjectured for a long time [119] [120] [121] [122] . Besides these classic papers, there has also been a recent surge of interest in this field [123] [124] [125] [126] [127] [128] [129] [130] [131] [132] [133] . Very soon after the first discovery of binary black hole merger, it was realized that gravitational waves can also be an efficient way to search for these objects [123] . We will not attempt to systematically go through all the proposals mentioned in the literature. Instead we will concentrate on some of the models presented in Ref. [123] and indicate the particle physics parameter space which lensing of FRBs can probe. We will briefly review some of the properties of boson stars and fermion stars closely following Ref. [123] .
Boson stars
It can be shown via general relativistic calculations that both scalars and vectors can form compact objects [134, 135] . For non-interacting scalars, the star is stabilized due to competition between gravitational attraction and quantum mechanics. The maximum mass of the boson stars is M max ≈ (10 eV can form a compact star with mass 8.5 M and radius ∼ 158 km. Such an object is compact enough so that it induces lensing of FRBs -thus this technique can act as an efficient probe of the underlying particle physics scenario.
Adding a repulsive self-interaction changes the equilibrium mass -radius relationship. Assuming a λ|φ| 4 interaction (where φ is the scalar particle and λ is the coupling constant), the maximum mass
The maximum value of the compactness in this scenario is approximately 0.16. A further constraint on this scenario comes from self-interaction constraints on dark matter. Assuming that the self-interaction in this model is in an astrophysically interesting region, we obtain the constraint: (m B /MeV)
1.5 [123] . In order to have a feel for the size of such a compact object, let us define following Ref. [123] 18) where the maximum value of M * is approximately 0.22. In this scenario, the maximum value of the compactness is approximately 0.158. For m B = 10 MeV, λ = 0.05, and assuming M * = 0.22, we get that the mass of the compact object is approximately 227 M . At the maximum value of compactness, this corresponds to a radius of 2130 km. For perturbativity, we restrict |λ| 4π, which implies m B 100 MeV [129] .
Fermion stars
For the discussion of fermion stars, we closely follow the treatment in Refs. [123, 138] which considers a model involving self-interacting dark matter and fermionic stars. It has been shown that if dark matter self-interaction is assumed to solve the small scale structure problems, then the underlying interaction cross-section must be velocity dependent: such a scenario may involve a light mediator or a near threshold S-wave resonance [139] [140] [141] [142] [143] [144] [145] . The particle physics model considered in Refs. [123, 138] involved a fermionic dark matter candidate, χ, which couples to a vector mediator V µ via the interaction gV µχ γ µ χ. Upper limit on the lens radius (in parsec) in order for the point mass lens approximation to be valid. We have assumed that the lens mass, ML = 100 M for both these panels. Left Panel: Here we vary the redshift of the source, zS, and fix the the redshift of the lens, zL, to some representative values: zL = 0.1 zS, zL = 0.2 zS, zL = 0.5 zS, and zL = 0.67 zS. Right Panel: Here we take some fixed values of the source redshift: zS = 0.25, 0.5, 1, and 1.5 and vary the lens redshift, zL, from zS/50 to (zS -0.01).
depends on the values of the dark matter mass, m F , mediator mass, m V , and coupling constant, g. The parameter space chosen by the authors in Ref. [123] is such that the self-interaction cross section between the two dark matter particles are velocity dependent and obey the constraint σ/m F = 0.1 -1 cm 2 g −1 . We will consider the same parameter space and outline the particle physics parameters which can be probed by FRB lensing.
For both boson stars and fermion stars, theory is not yet able to predict the mass spectrum of these compact objects. As such, a wide variety of mass range needs to be probe in order to test the underlying physics. As can be shown by solving the relevant equation, the equilibrium values of the mass and radius of these objects (for a wide range of the particle physics parameters) are such that these can be probed by FRB lensing. Compared to the lensing constraints from EROS-2 [22] and MACHO [21] collaboration, the lensing of FRBs are sensitive to heavier compact objects ( 1 M ), and thus these constraints can also be viewed as complementary probes of exotic compact objects. The constraints from CMB observations which provide the strongest constraint for heavy mass PBHs are not applicable for these exotic compact objects and this underscores the importance of the research of FRB lensing. The dynamical constraints from the dwarf galaxies [26, 27] can also probe these exotic compact boson and fermion stars. These constraints are less reliable when the exotic compact boson and fermion stars make up only a small fraction of the dark matter density or in the presence of the central massive black hole. The constraint coming from FRB lensing is cleaner and does not suffer from the above mentioned drawbacks.
Results
In this section, we will describe the various results of our calculations. Assuming various inputs, we will first display the upper limit on the lens radius for our formalism of FRB lensing to be valid. We will show the constraints on the fraction of dark matter in the form of primordial black holes or exotic boson or fermion stars for the single mass distribution and the extended mass distribution. Finally, we will demonstrate the particle physics parameter space which FRB lensing is sensitive to assuming bosons or fermions form exotic compact objects.
Single mass distribution
Since we have assumed a point lens in our calculations, we can estimate the upper limit on the size of the lens using Eqn. 2.3 for this assumption to be valid. The upper limit is proportional to the square root of the mass of the lens, and we assume that M L = 100 M in our plot. Assuming various choices of z S and z L , we show this upper limit in Fig. 1 . In the left panel, we vary z S from 0.1 to 1.5, and show the upper limit on the lens radius for various positions of z L :
and z L = 0.67 z S . For each of these choices, the upper limit on the lens radius increases for increasing z S , and then asymptotes out to a constant value. In the right panel of Fig. 1 , we take M L = 100 M , assume some fixed values of z S = 0.25, 0.5, 1, and 1.5, and vary z L from z S /50 to (z S -0.01). For all the cases we consider, the maximum value of the upper limit on R L occurs when z L ≈ 0.5 z S . These upper limits on the lens mass is easily satisfied for primordial black holes: the Schwarzschild radius of a 100 M black hole is ∼ 300 km. For the exotic boson stars and fermion stars that we consider, their masses are typically 10 M and the compactness parameter varies from ∼ 0.02 to 0.2. Such an object will have a radius of approximately 741 km to 74 km (corresponding to the two ranges of the compactness parameter that we quoted above). The values of these radii is much smaller than the upper limits shown in Fig. 1 , thus implying that FRB lensing will constrain the presence of these objects too.
In Fig. 2 , we demonstrate the constraints on dark matter fraction in the form of PBHs or exotic compact boson/ fermion stars for a single mass distribution. The left and right panels of the figure assume that FRBs follow the constant-density and the star formation redshift distribution respectively. While calculating this result, we assume that N FRB = 10 4 . The other constraints shown in the figure are lensing constraints from the EROS and MACHO collaborations, the dynamical constraints from the wide binary and ultra faint dwarf galaxies, and the constraints from the CMB observations. The CMB constraints apply only to PBHs, whereas all the other constraints apply to either PBHs or exotic compact fermion/ boson stars. Given that the temporal width of the bursts vary and the presence of sub-bursts, we estimate that the wide range of ∆t will represent a satisfactory projection into the potential constraints that a future survey like CHIME can obtain. We have cross-checked that our results for the constant-density redshift distribution matches with that presented in Ref. [8] .
The behaviour of the constraint can be understood by analyzing the equation for the optical depth (eqn. 2.8). In this equation, the only mass dependence comes from the value of y min . The behaviour at high masses can be understood by comparing the values of y min (M L , z L ) with y max . Assuming R f = 5, we get y max = 0.83. The value of y min (M L , 0) varies from ∼ 0.74 to 0.025 for M L ranging from 10 M to 300 M for ∆t = 0.3 ms. The values at higher redshift are smaller than the corresponding values at lower redshifts but follow the similar trend with respect to the mass dependence. This behaviour of y min as a function of the mass arises from the fact that for a fixed z S and z L , the Einstein radius is proportional to the square root of the mass of the lens. The normalized impact parameter, y, is inversely proportional to the Einstein radius, thus explaining the mass dependence of y min . At large lens masses, the values of y 2 min for all redshifts are much smaller than y 2 max , thus explaining the trend that f DM becomes a constant value for appropriate large values of the lens mass.
The threshold of the lens mass at which the lensing constraints are meaningful (i.e., f DM < 1) is determined by the value of M L and z L at which y min is less than y max . Given our choice of the constraints. These constraints have been shown following Ref. [101] . The CMB constraints do not apply to exotic compact boson/ fermion stars. All the other constraints apply to both primordial black holes and exotic compact boson/ fermion stars. We assume that the number of FRBs detected to be 10 4 in order to calculate these projections. magnification factor, R f , this gives us a constant value of y max . Scanning over the lens mass, the lens mass at which the value of f DM becomes less than or equal to 1 determines the lowest lens mass that can be probed by FRB lensing. There is a very mild dependence of the threshold lens mass on the FRB redshift distribution, and the major dependence comes from the average widths of the FRB bursts that we have assumed: ∆t = 0.1 ms, 0.3 ms, 1 ms, and 3 ms. As can be seen from Fig. 2 , a smaller value of ∆t allows one to probe lower lens masses. The choices ∆t = 0.3 ms, 1 ms, and 3 ms are made using the burst durations in frbcat.org and following Ref. [8] . Given that sub-bursts with much smaller time duration have been observed inside the main burst, we choose ∆t = 0.1 ms to forecast the limits on f DM that can be achieved if one tries to find the lensing signature of the sub-bursts. Sub-bursts within the main burst have already been reported in multiple FRBs [64, 146] and the temporal duration of these sub-bursts is variable. We still do not know the physical origin of these sub-bursts and the narrowest of these sub-bursts is ∼ 30 µs wide [64] . If future observations reveal that all or numerous FRBs do indeed contain sub-bursts which are O(10 µs) wide, then this will permit one to constrain sub-solar mass lens and the corresponding constraints might be competitive or even better that those set by the EROS and MACHO collaboration, and those found by searching for gravitational wave signals [147] . Our choice of ∆t = 0.1 ms is not as narrow as the 30 µs sub-burst, since not all sub-bursts are as narrow as that.
As can be seen from Fig. 2 , CHIME will probe sub-percent level of the contribution of PBHs or exotic compact boson/ fermion stars for a wide mass range. Since the constraints depend linearly on the number of FRBs detected, even a detection of ∼ 10
3 FRBs (with redshift information) will probe unconstrained regions in the f DM -M L plane. By using 10 4 FRBs, the asymptotic value of f DM that can be probed by this method is ∼ 0.7% and ∼ 0.5% assuming the constant-density redshift distribution and the SFR redshift distribution respectively. The constraints for the SFR redshift distribution are slightly more stringent as it has a stronger redshift dependence when compared to the constant-density redshift distribution.
Extended mass distribution
We now derive the projected constraints on f DM assuming that PBHs or exotic compact boson/ fermion stars have an extended mass distribution. For PBHs, the exact nature of the extended mass distribution is dependent on the underlying inflationary scenario. Currently we do not know how to theoretically predict the mass distribution of exotic compact boson/ fermion stars, however, in this sub-section, we will assume that these objects also have an extended mass distribution and calculate the projected constraints. We choose the power law mass distribution (eqn. 2.14) as an example to display the projected constraints. We choose two values of γ: 0 and -0.5 following Ref. [101] .
The projected constraints are shown in Figs. 3 and 4. In Fig. 3 , we assume that the minimum value of the extended mass distribution, M min = 1 M and vary the maximum value of the extended mass distribution, M max from 2 M to 1000 M . In Fig. 4 , we assume that the maximum value of the extended mass distribution, M max = 1000 M and vary the minimum value of the extended mass distribution, M min from 1 M to 999 M . Similar to our choice for the single mass distribution, we take four different values of ∆t: 0.1 ms, 0.3 ms, 1 ms, and 3 ms. We also assume two different redshift distributions for FRBs: constant-density and star formation rate redshift distributions and assume N FRB = 10 4 . Ref. [101] has already calculated the current constraints on primordial black holes assuming the power law extended mass distribution and we display these constraints in these figures.
Intuitively these constraints can be understood by following the equivalent mass formalism introduced in Ref. [101] . In this formalism, one finds a single lens mass which represents the full effect of the extended mass distribution. This formalism is valid for any extended mass distributions and Ref. [101] used this formalism to recast the limits on PBHs that had been derived for single mass distribution. Ref. [101] showed that the limits of the dark matter fraction in the form of PBHs can be substantially different for extended mass distributions when compared to single mass distributions. We find that this equivalent mass formalism is also useful in understanding our results.
We can calculate the equivalent mass for the extended mass distributions by equating the equations for the integrated optical depth with appropriate changes:
where the equivalent mass is denoted by M eq . The redshifts for the single mass distribution and the extended mass distribution is denoted by z mono and z ext respectively. The redshift evolution of the FRBs is denoted by the function N evo . After deducing the equivalent mass for a given input of extended mass distribution, we can then read off the f DM for that distribution by using Fig. 2 . Using this method, we can also cross-check the limits on f DM that has been derived following the method outlined in Sec. 2.1. Figure 3 . Same as Fig. 2 but for extended mass distribution of primordial black holes or exotic compact boson/ fermion stars. We have assumed a power law mass distribution with a maximum mass of Mmin = 1 M in all of these panels. The exponent of the power law distribution is indicated by γ. In these panels, we assume that the power law is bounded by the Mmin value and the value of the maximum mass, Mmax indicated in the x-axis. We have assumed that Mmax starts from 2 M and goes up to 10 3 M . Other constraints are plotted following Ref. [101] .
The shape of the contours can be understood by calculating the equivalent mass for each of the extended mass distributions. For the extended power law distribution with γ = -0.5 and M min = 1 M , and the FRBs following the constant-density redshift distribution, the equivalent mass varies from Figure 4 . Same as Fig. 3 . We have assumed a power law mass distribution with a minimum mass of Mmin = 1000 M in all of these panels. The exponent of the power law distribution is indicated by γ. In these panels, we assume that the power law is bounded by the Mmin value, indicated in the x-axis, and the value of the maximum mass, Mmax. We have assumed that Mmin starts from 1 M and goes up to 999 M . Other constraints are plotted following Ref. [101] .
distribution has γ = 0 and the FRBs follow the constant-density redshift distribution, the equivalent mass varies from ∼ 2 M to ∼ 5.5 M , ∼ 5.5 M to ∼ 12 M , ∼ 18.7 M to ∼ 32.7 M , and ∼ 56.1 M to ∼ 85.8 M for ∆t = 0.1 ms, 0.3 ms, 1 ms, and 3 ms respectively. Assuming the same mass distribution, if the FRBs follow the SFR redshift distribution, the equivalent mass ranges from ∼ 2.1 M to ∼ 5.5 M , ∼ 5.3 M to ∼ 12 M , ∼ 18 M to ∼ 32 M , and ∼ 54 M to ∼ 84.5 M for ∆t = 0.1 ms, 0.3 ms, 1 ms, and 3 ms respectively. Comparing these equivalent mass values with the corresponding upper limits on f DM from Fig. 2 can explain our projected limits in Fig. 3 . We see that the projected limits on f DM due to FRB lensing will be much stronger than other constraints for both the cases that we consider in Figs. 3 and 4 . As in the case of the single mass distribution, the best limits are achieved when ∆t = 0.1 ms. We assume N FRB = 10 4 with redshift information for all these plots. From the upper panel in Fig. 3 , we see that even detecting ∼ 3000 FRBs with redshift information will probe new parts of the parameter space for the extended power law distribution with γ = -0.5 and M min = 1 M . However, for the case of γ = 0 and M min = 1 M , one requires 10
4 FRBs with redshift information to probe new parts of the parameter space assuming ∆t = 3 ms. Assuming a smaller ∆t will constrain new parameter space with smaller number of FRB detection.
The equivalent mass values if the extended mass distribution follows a power law with M max = 1000 M is substantially different from the other case mentioned above. If the FRBs follow the constant-density redshift distribution and the exponent of the power law is γ = -0.5, the equivalent mass ranges from Fig. 4 . We again see that the projected limits from FRB lensing will be much better than other constraints on PBHs or exotic compact boson/ fermion stars. We find that the shape of the projected constraints are quite different in Fig. 4 compared to Fig. 3 . For example, the asymptotic value of the upper limit on f DM is observed in Fig. 4 but not in Fig. 3 . This is easily explained by the large values of the equivalent masses that we find for the extended mass distribution considered in Fig. 4 .
Probe of exotic compact fermion/ boson stars
The formation of exotic compact fermion/ boson stars has been predicted in many beyond the Standard Model particle physics models. In Fig. 5 , we display the parts of the particle physics parameter space which will be probed by FRB lensing. We concentrate on the models studied in Ref. [123] , but note that there are many other particle physics models which are also predicted to form these exotic compact fermion/ boson stars and FRB lensing can probe a substantial number of these models. Given the large values of the upper limit on the lens radius as can be seen from From Fig. 1 , it is not surprising to find the wide ranges of particle physics parameters which FRB lensing can probe.
In the left panel of Fig. 5 , we display the scalar boson mass v/s the lens mass and the parameter space which can be probed by FRB lensing. The self-coupling constant, λ, is varied between 10 1.5 in the region between the red line and the blue line. The region to the right of the red line is excluded because the dimensionless mass, M * , is greater than its maximum possible value 0.22. We restrict the range of the boson mass, m B , such that the self-coupling is perturbative. We find that the range of the parameter space displayed in this figure can be probed by FRB lensing, although the exact part of the particle physics parameter space can only be determined after one detects such a lens. The region to the right of the vertical lines are the parts of the parameter space that can be probed by FRB lensing. The vertical lines are plotted for the values of ∆t that has been studied above. These lines correspond to the lens mass at which f DM = 0.5. Some of the low lens mass region in this model is already probed by the results from the MACHO and the EROS collaboration and this figure along with our previous results show how different searches for exotic compact fermion/ boson stars can probe novel particle physics models. Figure 5 . Constraints on various particle physics models which can be derived from FRB lensing. The parts of the parameter space which do not produce a stable solution for a bound object is marked as "unstable". Left panel: The parameter space for self-interacting bosons. The region between the red line and the blue line can produce a boson star and also solve the small-scale structure problems of ΛCDM. The region to the right of the black horizontal lines can be probed by FRB lensing assuming various characteristic time delays. Middle panel: The parameter space for free bosons. The region bounded by the blue line and the red line can be probed by LIGO observations. The region above the black horizontal lines can be probed by FRB lensing. Right panel: The parameter space for self-interacting fermions. The region that can be probed by LIGO observations is bounded by the blue line and the red line. The region above the black horizontal lines can be probed by FRB lensing. In this case there is a tiny amount of parameter space which can be probed by FRB lensing if ∆t = 3 ms (shown by the topmost horizontal line).
The middle panel of Fig. 5 show the particle physics parameter space for bosons with no selfinteractions. In this case, the mass of the relevant bosons is much smaller than the electron and searching for exotic compact objects is one of the main avenues of research. In this plot, the region to the right of the red line is excluded as the compactness is greater than its theoretical maximum value. The region bounded by the blue line and the red line can be probed by LIGO assuming that the lens is at a luminosity distance less than 450 Mpc (smaller region) and 100 Mpc (larger region) [123] . We show the region that can be probed by FRB lensing via the horizontal solid lines.
The right panel in Fig. 5 shows the parameter space for fermion stars which are formed by clustering of exotic fermions with self-interactions among themselves. For this figure, we assume α ≡ g 2 /4π = 10 −2 and the mediator mass, m V , is in the range [10 −2 GeV, 10 −1 GeV]. As has been demonstrated earlier in the literature [148] , such a parameter range can induce self-interaction between the fermions which can solve the small-scale structure problems in ΛCDM. The region that can be probed by FRB lensing is shown by horizontal lines and the region bounded by the blue and the red line shows the LIGO sensitivity region [123] . The region to the right of the red line produces unstable solution and is not considered. These show the complementarity between the gravitational wave observations and FRB lensing in constraining these exotic compact objects.
Conclusions
The era of gravitational wave observations has started via the pioneering observations of the LIGO -Virgo collaboration. The initial observations have already shed light on some major astrophysics questions. It has already been realized that gravitational waves can probe beyond the Standard Model physics questions (see for e.g., Refs. [149, 150] ). It has been conjectured that the observed binary black hole mergers are primordial in nature. Such an observation carries profound implications and thus numerous studies have been designed to study and distinguish primordial and astrophysical black holes.
Fast radio bursts are one of the major new discoveries in astrophysics and the origin of these ∼ O(ms) duration bursts of radio photons are unknown. With the data from 50 FRBs that has been discovered till date, it is estimated that these mysterious astrophysical transients are numerous and are probably cosmological in origin (a direct association of one FRB with an extragalactic dwarf galaxy has already been established). The sharp feature of the radio burst and its cosmological origin has already prompted numerous studies in the literature which use FRBs as fundamental probes.
One of the cleanest tests of primordial black holes contributing to the dark matter density of the Universe was proposed by Ref. [8] . In this case, the lensing of FRBs by primordial black holes will produce multiple images of the burst which can be tested via upcoming radio telescopes. Assuming that the time delay between the two images is greater than the burst time, one can cleanly probe the presence of a compact object near the line of sight. Assuming a single mass distribution of primordial black holes and a constant-density redshift distribution of FRBs, it has already been shown that this technique can probe new parts of the parameter space and can detect primordial black holes even if they make up a sub-percent level of the dark matter density [8] .
We extend this result by calculating the constraints on dark matter fraction which FRB lensing can probe if primordial black holes (acting as the lens) have a single mass distribution and FRBs follow the star formation rate redshift distribution (Fig. 2 right panel) . We find that even in this case, this technique will produce the leading constraints in a wide range of the lens mass. The threshold lens mass which this technique can probe will depend on the characteristic time delay, ∆t that we employ in our calculations. Besides using the standard values of ∆t that has been used in the literature, we also use ∆t = 0.1 ms to simulate the effect of mini-bursts within the main burst. In the latter case, one can try to detect the lensed image of these mini-bursts. An advantage of trying to detect the lensing signatures of mini-bursts is that one can probe much lower lens masses compared to what can be achieved via the lensing of the main burst.
We calculate how FRB lensing can probe compact objects if these objects have an extended mass distribution (Figs. 3 and 4) . We assume that the extended mass distribution follows a power law and assume various values of the power law index and the maximum and minimum value of this extended mass distribution. We find that in all cases, FRB lensing can probe constraints which are stronger than existing constraints. In order to achieve this constraints, it is essential to detect a large number of FRBs with redshift information which near future radio telescopes can detect.
We also show that FRB lensing can detect exotic compact objects made up of beyond the Standard Model fermions or bosons. In this case, the sizes of these compact objects are such that they can be lensed by FRB (Fig. 1) . It can be seen that FRB lensing is very efficient in constraining particle physics models in which the exotic particles can cluster to form boson stars and fermion stars.
In conclusion, the discovery of FRBs and gravitational wave are two major recent discoveries which can shed light into various major physics questions. We show that lensing of these FRBs by compact objects can produce leading constraints over a wide range of lens mass. This conclusion holds true for all the choices of the extended mass distributions of primordial black holes and the redshift distribution of FRBs that we studied. Upcoming observations are expected to probe a large number of FRBs and if we obtain the redshift information of a majority of them, then FRB lensing will indeed prove to be one of the most powerful tool to constrain primordial black holes and other exotic compact objects.
